We obtain the conserved Abbott-Deser-Tekin (ADT)-like current for the Lanczos-Lovelock gravity for arbitrary diffeomorphism vector. As the original ADT current is defined only for the presence of a background Killing vector, one cannot use it extensively for the thermodynamic description of the wide classes of non-Killing horizons which appear in gravity. On the other hand, this general approach can be utilized for any arbitrary horizons. Here, the conserved current can be written as the derivative of the two-rank anti-symmetric potential, the connection of which is apparent with the conserved Noether potential from our analysis. For the assumption of the arbitrary diffeomorphism vector as the Killing one, the results match to the ADT case, whereas non-trivial result comes for the conformal Killing vectors and other arbitrary vectors. The whole analysis is off-shell and, therefore, applicable to any null surface.
I. INTRODUCTION
The conserved charges [1] [2] [3] [4] [5] [6] [7] have played a crucial role in the theory of black hole since the time when the black holes are identified as the thermodynamic objects with having proper thermodynamic descriptions [8] [9] [10] . In the theory of the black hole mechanics, the conserved charges often provides the physical thermodynamic quantities, such as the entropy, energy, angular momentum etc. There are two major approaches to develop the thermodynamic description of a black hole from the conserved charges. Among them, the conserved Noether current due to the diffeomorphism has enjoyed the central attention over the years. Following the Wald's [3] prescription, one can successfully obtain the first law of the black hole thermodynamics. In this approach, the entropy is defined by the conserved Noether charge on the black hole horizon, whereas the mass and the angular momentum is defined on the asymptotic infinity by the same conserved current along with a correction factor.
There is another elegant approach developed independently in General theory of Relativity (GR) for the formulation of the thermodynamic description from the conserved charges, which is popularly known as the AbbottDeser-Tekin (abbreviated as ADT) approach [4] [5] [6] [7] 11] . This formulation works well not only for asymptotically flat black hole spacetimes in GR, but also for the antideSitter (AdS) spacetimes in GR [4] as well as higher order gravity theories [5] [6] [7] (For the thermodynamic description using the ADT approach, also see the recent works [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] ). Recently, the ADT approach has been extended successfully by us in the scalar-tensor theory as well, where we have also shown that the two approaches (i.e. Noether and ADT formalisms) are indeed equivalent * krishnakanta@iitg.ac.in † bibhas.majhi@iitg.ac.in [22] . In the latter approach, one formulates a conserved current accounting the variation of the equation of motion due to the variation of the metric tensor. Remember, till now both the formulation are suitable when there is a Killing symmetry of the underlying spacetime. Before discussing the main aim of the present paper, we want to mention couple of important facts which has been observed in exploring the different features of the gravitational paradigm. This will give the motivation of the present work. Soon after the observation of the thermodynamic nature of the black hole horizon, Unruh showed that an accelerated observer can find radiation in the Minkowski vacuum [23] and consequently this observer is able to associate temperature and entropy on the Rindler horizon (obtaining the entropy of the Rindler horizon using Virasoro algebra has shown recently in [24, 25] ). Moreover, assigning of the first law of thermodynamics on it leads to Einstein's equations of motion [26] . Later investigation revels that such feature not only restricted to a Rindler kind of horizon, any generic null surface also incorporates thermodynamic structure (see [27] [28] [29] [30] for recent developments in this direction). This fact has a great impact in exploring the emergent nature of gravity (see [31] for recent reviews). Now note that this generic null surface, in general, may not be a solution of Einstein's equation of motion like the black holes and so one needs to think off-shell conserved charges approaches (both Noether and ADT) to investigate such situations. Moreover, these spacetimes in general may not have Killing symmetry. So the null vector whose vanishing norm defines the null surface need not be a Killing vector and, consequently, the existing conserved charge approaches fail to understand the thermodynamics.
Our aim is here to find the conserved quantities of the gravitational theory for an arbitrary diffeomorphism vector with out using Einstein's equation of motion. It will serve our purpose in a two fold way. One can then use them for any null surface as well as for any kind of particular vector which defines the this surface. So far we are aware of, in literature Noether conserved charges are defined in this manner (see the project 8.1 of [32] ). Here we aim to do the same for ADT conserved quantities. Since the original ADT quantities are on-shell and derived for Killing vector, we shall call the present ones as ADT-like conserved current or charge.
In this paper, we adopt an elegant method to formulate a quasi-local conserved current in Lanczos-Lovelock gravity for arbitrary diffeomorphism vector, which is different from the conserved Noether current. The process here we follow is different from the original ADT method and will show that our current and anti-symmetric potential (we call as the ADT-like potential) both reduce to the usual conserved ADT current and potential respectively, when we take the arbitrary diffeomorphism vector as the Killing one. In addition, we shall find the explicit relation between the Noether and present ADT-like antisymmetric potentials. This relation will help to understand more about those potentials. The whole analysis is very general in the sense, here we have calculate everything off-shell i.e. , we nowhere use the Einstein's equation of motions in our formulation. Moreover, as entire approached is made for the Lanczos-Lovelock (LL) gravity, one can easily obtain the corresponding results for the GR or in Gauss-Bonnet gravity from our analysis by taking the proper limit. Also, we keep the diffeomorphism vector as an arbitrary one.
Finally, we shall discuss two situations: one is the spacetime has Killing symmetry and the other one corresponds to conformal Killing symmetry of the spacetime. In that case one needs to choose the diffeomorphism vector as Killing vector (KV) and a conformal Killing vector (CKV), respectively. Interestingly, we show that both for Killing vector and conformal Killing vector, the conserved anti-symmetric potential is related to the Noether counter part in exactly same manner. However, we shall notice that the expression of the current is not the same for the both cases.
In the following, we start our analysis. Firstly, we obtain the general expression of the conserved current and the potential for Lanczos-Lovelock gravity with an arbitrary diffeomorphism vector. Then we take two special cases of KVs and CKVs. As we have mentioned earlier, the entire analysis are off-shell.
II. CONSERVED QUANTITIES FOR ARBITRARY DIFFEOMORPHISM VECTOR
In this section, we shall derive a off-shell conserved ADT-like conserved quantity for the arbitrary diffeomorphism vector in the Lanczos-Lovelock gravity. The idea is in the same sprit like the original derivation [4] ; but the method adopted here is very general and is different from this earlier analysis. Before going to our way of derivation, let us first summarize the original idea. This will help not only motivate how to fulfil our purpose, also give an idea how our present approach is different from the existing ones.
Note that when the diffeomorphism vector ξ a is a Killing one, the term J a = (δE ab )ξ b is a conserved quantity, where
is a second rank tensor in LL gravity, which plays the analogous role to the Einstein tensor in GR. In the above Eq. (1), L is the Lagrangian of the LL gravity which is a general function of the Riemann tensor R a bcd and metric tensor g ab but not of the derivatives of those quantities. Also, R ab = P acde R b cde plays the analogous role to the Ricci tensor in GR, where P abcd = (
) gij which satisfies vanishing of covariant derivative; i.e. ∇ a P bcde = 0. For more information about E ab , consult with the review [33] . In the above expression of J a , δE ab represents the linearized tensor, i.e. the change of E ab for g ab → g ab + h ab up to first order in h ab . The conservation of the quantity J a (i.e., ∇ a J a = 0) follows from the fact that E ab satisfies the general Bianchi identity i.e. ∇ a E ab = 0 and ∇ a ξ b is an anti-symmetric tensor as ξ a satisfies the Killing equation. The conserved quantity now popularly known as the ADT current. Now observe that if ξ a is an arbitrary diffeomorphism vector instead of being a Killing vector, then (δE ab )ξ b is not a conserved quantity anymore. Then above way of defining quantity doe not fulfil our aim. Hence we need to adopt an different approach to achieve the goal. Our idea is the following.
Firstly, we identify the off-shell Noether current due to the diffeomorphism. Then, we take the variation of the Noether current due to the variation of the metric tensor. Afterwards, we identify the total derivative antisymmetric part from the expression and place it along with the variation of the Noether current. Finally, the rest of the terms are identified as the conserved ADTlike current, which can be written as a total derivative of a two-rank anti-symmetric tensor, consisting of the variation of the Noether potential and other identified anti-symmetric terms. We shall see that this reduces to the conserved ADT current when ξ a is considered as a Killing vector.
We now start our analysis by considering the general LL Lagrangian L(R a bcd , g ab ). An arbitrary variation of the Lagrangian leads to the result
In the above we denote, δv a = 2P ibad (∇ b δg id ). Now, as the Lagrangian L is invariant under the arbitrary diffeomorphism x a → x a + ξ a , we can obtain the conserved Noether current due to the diffeomorphism . Now, under the diffeomorphism, the arbitrary variation δ becomes the Lie variation and from (2), one can obtain ∇ a J a = 0 where,
is
is the anti-symmetric Noether potential. These are all off-shell expressions as Einstein's equations of motion E ab = 0 has not been used to obtain Eq. (3) and Eq. (4) (for details, see Project 8.1 in page 394 of [32] ). Let us now take an arbitrary variation of the above conserved Noether current due to the arbitrary variation of the metric tensor g ab → g ab + h ab , which leaves the vector ξ a invariant (i.e. , δξ a = 0, but δξ a = 0 in general due to the variation in the metric tensor). We then obtain
To proceed further, consider the following identity
where the notation
has been adopted. Using identity (6) in (5), it is straightforward to reach
where,
Next our aim is to collect the terms which can be expressed as covariant derivative of an anti-symmetric tensor and keep them in one side of the equality; while the rest of the terms will be kept on the other side. Note that in Eq. (7), the terms on the left hand side are already in the anti-symmetric form. Let us keep the first two terms on the right hand side unchanged and concentrate on ω a . We shall see that first term of ω a in (8) has an anti-symmetric part. For that purpose, re-express ω a as
The above final expression can be obtained after some involved calculation which is given in the Appendix A. Here, we have followed the notation A (i B j) = (1/2)(A i B j + A j B i ). Now, identifying the total derivative anti-symmetric part from the last term of ω a from (9), one can have
and
Again, we refer our reader to follow the detail calculation from the Appendix A. Note, that the K ab is an anti-symmetric tensor. Therefore, the quantity K a is conserved for arbitrary vector ξ a . In the case of GR with on-shell condition, (10) and (11) reduces to the expression obtained in [34] for an arbitrary ξ a which was derived following the original approach of ADT [35] . On the contrary, the present method is different from this in which Noether prescription has played a central role. We call (10) and (11) as ADT-like conserved current and anti-symmetric potential, respectively. These are the main results of the present paper. Note that here our current is much robust and more general as we have obtained the conserved current in Lanczos-Lovelock theory for an arbitrary diffeomorphism vector. Moreover, our whole approach is off-shell. Also, our analysis directly shows the connection between the conserved ADT-like potential and the conserved Noether potential for an arbitrary diffeomorphism which is given by (11) . In the following, we shall discuss two cases: one is ξ a is KV and other one is ξ a is CKV.
III. SPECIAL FORM OF DIFFEOMORPHISM
Let us now discuss two popular situations. One is the spacetime has Killing symmetry and hence choose ξ a as Killing vector. Other case is the spacetime has inherent conformal symmetry and so ξ a can be taken as conformal Killing vector. The former case has been studied extensively in literature while the later one, so far we know, has not been dealt with in this context.
A. ξ a is a Killing vector
If one takes ξ a as the Killing vector, satisfying Killing equation ∇ a ξ b + ∇ b ξ a = 0, the obtained conserved current K a and the potential K ab (see Eqs. (10) and (11)) reduces to the conserved off-shell ADT current and the potential i.e.
respectively. In the above, J a | off is the off-shell expression of the usual ADT current J a . Exactly the same was obtained earlier in [14] .
B. ξ a is a conformal Killing vector
Considering ξ a as a conformal Killing vector satisfying ∇ a ξ b + ∇ b ξ a = (ψ/2)g ab , and using the identity
which holds only for the conformal Killing vectors, the expression (10) reduces to
while (11) yields
. (16) Note that although the form of K a | CKV is not exactly the same as the K a | KV (which is, of course, defined for ξ a being a Killing vector), interestingly, the conserved potential K ab | CKV is related to corresponding Noether potential in exactly identical manner as the conserved ADT current K ab | KV . It is a very new finding which indicates that ADT potential for CKV can be obtained solely by the information of Noether potential and the boundary term in the variation of the action. This is completely similar to KV case.
IV. SUMMARY AND OUTLOOK
Defining thermodynamical entities and establishing the thermodynamic laws for a non-Killing dynamical horizon has been a major challenge in gravity. Several physicists (including us) are trying to obtain the thermodynamic first law for an arbitrary null horizon or for a conformal Killing horizon. What has been understood so far is that one has to start developing everything from the very basics. As it is well-known, the root of the black hole thermodynamics lies in the conserved current in the theory because, all the physical thermodynamic parameters can be obtained from the conserved current. Therefore, it is very much needed to generalize the conserved quantities for a non-Killing symmetry.
It appears that the ADT approach is a very successful method to obtain the thermodynamic description from the conserved currents without any ambiguity like anomalous two factor in Komar case [1] . But till now all attempt has been done for existence of a Killing vector in the spacetime. Since in reality we need to encounter non-Killing situation, it is now necessary to obtain the conserved quantities for any diffeomorphism vector. So far it has been successfully done for Noether conserved quantities. In this letter, we have formulated an elegant approach to define an ADT-like current for an arbitrary diffeomorphism vector in Lanczos-Lovelock gravity as the original ADT approach is valid only for the Killing vectors. Moreover, our approach is valid even in off-shell. Therefore, the analysis can be used for any arbitrary nullsurface, which are not even derived following the equations of motion. Thus, our analysis can play a crucial role in the emergent gravity paradigm as well.
Here, we have taken the general LL Lagrangian. Then we have varied the Lagrangian to obtain the Noether current due to arbitrary diffeomorphism. Thereafter, our purpose was to obtain the ADT-like current for any arbitrary diffeomorphism vector from the equation of motion. We have defined the conserved current as the derivative of a two-rank anti-symmetric conserved potential. Then we have taken two limits: ξ a as a Killing vector, and then ξ a as a conformal Killing vector. For Killing vector case, the entire result reduces to the original ADT currents and the potential, defined for the Killing vectors. We obtain even more interesting result for the conformal Killing vectors. In this case, the expression of conserved potential is exactly similar to the ADT potential. However, the expression of the conserved current differs. Following our method, one can show the connection of the conserved potential with the conserved Noether potential in each case.
As we have emphasized several times, the entire analysis is very general in every aspects. The currents and the potentials are defined for an arbitrary diffeomorphism vector, the analysis has been made for the general Lanczos-Lovelock gravity form which one can obtain the corresponding results for the GR or for any other higher order gravity, and above all the entire analysis is off-shell. Thus, we believe, our result will be an useful one in the black hole thermodynamics.
Before concluding, we want to mention an important future aspect of our analysis. Till now we are familiar with the Wald's approach [3] to find the first law of thermodynamics for a Killing vector. Now the question is: Can we follow the similar prescription to find a reasonable form of first law in the case for a null surface which is not accompanied by a Killing symmetry. Probably, our most general relation K a = ∇ b K ab with the quantities are given by equations (10) and (11), inherently captures that general structure. To get a feel of the generalization, let us first consider the Killing situation. In this case K a and K ab are given by (12) and (13), respectively. On-shell K a vanishes and then using the steps of Wald, one obtains the first law of black hole mechanics. This is all known. But, for a conformal Killing vector the situation is a bit different. For simplicity, we consider GR theory with conformal symmetry. Here P abcd = (1/2)(g ac g bd − g ad g bc ), and then for on-shell condition, the relation K a = ∇ b K ab reduces to the following form
where, ψ = ∇ i ξ i . This clearly indicates that the terms on the right hand side of the above equation contributes to thermodynamic quantities in this case. Note that they vanishes for the Killing situation. Hence it is evident that for most general case the usual definition of thermodynamic quantities (like entropy is given by the Noether charge calculated on the horizon) can not be taken as general one. Therefore it would be interesting to see how the terms like those appear on the right hand side of (17) modify the definition of several thermodynamic quantities. Till now we do not have any conclusive statement. The investigations are going on in this direction. Hope we shall be able to report soon. ab (our notation K ab ) and C a (in this paper it is denoted by K a ) are to be a bit different to what have been obtained in the Eqs. (61) and (62) of [34] . We feel that this is because there is typo in this paper. If one derives them following [34] , the correct expressions will be B ab = (∇cK abdc )ξ d − ab h andg ab is the background metric tensor in their case. These coincide with our findings (10) and (11) for GR theory on imposition of the Einstein's equations of motion.
